A systematic procedure for performing holographic renormalization, which makes use of the Hamilton-Jacobi method, is proposed and applied to a bulk theory of gravity interacting with a scalar field and a U (1) gauge field in the Stückelberg formalism. We describe how the power divergences are obtained as solutions of a set of "descent equations" stemming from the radial Hamiltonian constraint of the theory. In addition, we isolate the logarithmic divergences, which are closely related to anomalies. The method allows to determine also the exact one-point functions of the dual field theory. Using the other Hamiltonian constraints of the bulk theory, we derive the Ward identities for diffeomorphisms and gauge invariance. In particular, we demonstrate the breaking of U (1) R current conservation, recovering the holographic chiral anomaly recently discussed in hep-th/0112119 and hep-th/0202056.
Introduction and Summary
During the past four years, we have learned much from the AdS/CFT correspondence [1] [2] [3] about conformal field theories (CFTs). The basic notion of the AdS/CFT correspondence is that a gravitational theory (such as String Theory) living on (d + 1)-dimensional anti-de Sitter (AdS) space (the bulk space) is dual to a CFT living on its conformal boundary. More generally, asymptotically AdS domain wall solutions of (d + 1)-dimensional gravity coupled to certain matter fields are the duals of deformations of CFTs either by the addition of relevant operators to the CFT Lagrangian or by the choice of a non-conformal ground state involving vev's of certain operators. Using a precise recipe one is able to obtain the correlation functions of these (deformed) CFTs from the dynamics of the bulk theory. The most important quantity is the on-shell action of the bulk theory, which, after suitable regularization and renormalization, is identified with the generating functional of the boundary field theory. For a recent exposition of the AdS/CFT correspondence including an extensive list of references, we refer the reader to the lecture notes [4] .
The occurrence of divergences in the bulk on-shell action was noted already in the earliest AdS/CFT calculations [2, 3, 5, 6] . The first divergence to be explicitly removed from the on-shell action by adding a counterterm was the boundary volume divergence in the context of pure gravity on an AdS background [7] . Soon after, and still for the case of pure gravity on an AdS background, the general structure of the divergent terms and the relation of the logarithmic divergence to the conformal anomaly of the boundary CFT was discussed in [8] . The addition of counterterms also provided a way to give a meaning to the notion of energy in asymptotically AdS spaces in terms of the renormalized Brown-York stress energy tensor [9] without the need of reference spaces [10] [11] [12] . A systematic development of the method of holographic renormalization for bulk gravity coupled to scalar fields was first given in [13] . This method, which we shall refer to as the standard notion of holographic renormalization, involves the cancellation of all cut-off related divergences from the bulk on-shell action by the addition of counterterms on a cut-off boundary hypersurface and the subsequent removal of the cut-off. Most recently, the method was summarized very clearly by Bianchi, Freedman and Skenderis (BFS) [14] and applied to domain wall bulk geometries dual to deformed CFTs, where also bulk gauge fields were considered. Holographic renormalization has been used in the calculation of two-point functions in deformed CFTs [15] .
In a parallel development, de Boer, Verlinde and Verlinde (dBVV) [16] advocated the Hamilton-Jacobi (HJ) approach in order to separate terms in the bulk on-shell action, which can be written as local functionals of the boundary data. The remaining, presumably non-local expression was identified with the generating functional of a boundary field theory. This approach does not correspond to the standard one, in particular, because dBVV's boundary field theory lives on the cut-off boundary, and because the generating functional still contains logarithmic divergences. Nevertheless, dBVV's method remains intriguing for its simplicity-it yields formally the correct gravitational anomalies and provides a remarkably simple bulk description of the renormalization group flow on deformed CFTs. A first attempt to use the Hamilton-Jacobi method for performing holographic renormalization appeared in [17] , where a list of references to further studies of dBVV's method can be found. Despite its simplicity, the use of dBVV's method to perform holographic renormalization does no appear to be very popular. The main drawbacks seem to be the nonuniqueness of the solutions for the local terms to be used as counterterms and the failure to obtain the logarithmic counterterms. It is our intention in this paper to overcome these difficulties by explaining exactly how the ambiguities can be removed from dBVV's method and how logarithmic counterterms are obtained.
A very interesting aspect of the HJ formalism is the way holographic Ward identities emerge. In fact, local symmetries of the bulk theory are encoded in Hamiltonian constraints for the boundary data. Exploiting the fact that the on-shell action is identified with the field theory generating functional, these can be naturally interpreted as Ward identities [18, 19] . The Hamiltonian constraint associated with radial evolution can be seen as the Ward identity for conformal symmetry, whose anomalous contributions are precisely due to the logarithmic divergences of the on-shell action [8] . Similarly, we will see that logarithmic terms are also responsible for an anomalous term in the current Ward identity.
Let us give an outline of the rest of the paper and summarize our results. In Sec. 2 we shall briefly review the method of holographic renormalization as described by BFS in order to familiarize the reader with the issue and the complexity of the method, and to allow a direct comparison with the approach that we will propose. We will then turn to the HJ method with the purpose of performing the holographic renormalization. For simplicity, in the first part of the paper we shall confine our attention to a bulk gravity theory coupled to a single scalar field. In Sec. 3 we focus on the procedure of regularization and renormalization of the bulk on-shell action. This is carried out solving the Hamiltonian constraint for radial evolution in a recursive fashion. One starts with a general ansatz for the local part of the on-shell action, which should be covariant and contain all power divergences. The constraint will then fix all of them, provided some little input is given for the lowest levels. As was already discussed in [17] , there might be some obstruction to the solution of the constraint, which is closely related to the occurrence a conformal anomaly. We will make this observation more precise and relate the anomaly to the logarithmic divergences of the on-shell action, which we can explicitly determine. In Sec. 4.1, we shall discuss how to determine exact one-point functions in our method. By "exact" we mean one-point functions in the presence of sources turned on, thus, in principle, encoding all higher point functions of the field theory. This is one of the main results of BFS's approach, and any alternative method should not fall short of it. Our results will also explicitly demonstrate the scheme dependence of local terms in the exact one-point functions. As a further application, we consider one-point functions in bulk backgrounds, which are called holographic renormalization group flows (Sec. 4.2). The difference between operator and vev flows, which describe deformations of the dual CFT by either operator insertion or a non-zero vev, respectively, will become explicit. Moreover, the most natural choice of counterterms will correspond to a supersymmetric renormalization scheme.
In Sec. 5 we will include a U(1) gauge field in our treatment, which should correspond to the R-symmetry currents of the dual field theory [20, 14] . A repetition of the arguments previously explained will allow us to show how to solve for the on-shell action up to level four (with some simplifications) and to obtain new contributions to the conformal anomaly. We will obtain some one-point function for the new fields and, in particular, we will give a full holographic derivation of the complete Ward identities, recovering also the chiral anomaly recently discussed in [14] and [21] .
Holographic Renormalization -Standard Approach
To start, let us summarize the standard method of holographic renormalization as described by BFS [14] . For later convenience, we shall use a bulk metric of the form
where i, j = 1 . . . d. The metric (1) is obtained from the Fefferman-Graham metric for asymptotically AdS spaces [22] after a simple change of variables. The asymptotic region is r → ∞, where the bulk approaches AdS spacetime with characteristic length l, i.e.,
Each field in the bulk spacetime should have an asymptotic behaviour of the form
1 Despite the Fefferman-Graham expansions have been extensively used in the literature, it is perhaps surprising to realize that their validity is rather restricted. It is not difficult to show (see e.g. [23] ) that in their usual form, they hold only for operators of conformal dimension ∆ integer or half-integer, whereas they obviously fail if for instance ∆ is irrational. Notice that for operators protected by supersymmetry [24] , which are those driving the flows in the examples so far, indeed ∆ ∈ Z, 1 2 Z. In the following we shall assume that the expansions hold, while a more general analysis of asymptotically AdS spaces for generic ∆ remains an interesting open problem.
The coefficients f 1 , f 2 , etc., and similarly,f 1 ,f 2 , etc., are obtained by recursive analysis of the bulk field equations in the asymptotic region and depend locally on the f 0 andf 0 of all fields, respectively. We shall assume without loss of generality that λ 1 > λ 2 , so that the first line in eqn. (3) represents the leading series. For example, for the metric, g ij , the coefficients are λ 1 = 2 and λ 2 = 2 − d. In the case of a scalar field, φ, of bulk mass m, they are λ 1 = −(d/2 − λ) and λ 2 = −(d/2 + λ), where λ = d 2 /4 + m 2 l 2 . The bulk field φ is the dual of a scalar operator with conformal dimension ∆ = d/2 + λ. For all matter fields, λ 1 < 0, so that they tend to zero in the asymptotic region. 2 For even values of d, there are logarithmic terms (proportional not to an exponential of r, but to r) in the leading series for the metric, starting with r exp[(2−d)r/l]. Similarly, logarithmic terms occur in the leading series of scalar fields for integer λ.
Having obtained the asymptotic form of the bulk fields, one proceeds to calculate the regulated on-shell action, which is the on-shell action for a bulk spacetime with a cut-off boundary at r = ρ,
where ν is some positive number. There are a finite number of divergent terms in the limit ρ → ∞, which comprise the power divergences with coefficients a k and a logarithmic divergence with a coefficientā that is related to the appearance of logarithmic terms in the expansion (3). The coefficients a k and a are local functions of the coefficients f 0 of the leading series of the bulk fields and of their derivatives.
The method of holographic renormalization proceeds now as follows. First, the series (3) are inverted for all fields and solved for f 0 (x) as functionals of the F (x, r). Second, the f 0 thus obtained are substituted into eqn. (4), which yields the divergent terms of the on-shell action in terms of the fields F (x, ρ) living at the cut-off boundary. Finally, these terms are subtracted from S reg (using counterterms), and in the remaining expression the limit ρ → ∞ is taken. The finite result (expressed again as a functional of f 0 ) is the renormalized on-shell action to be identified with the generating functional of the boundary field theory.
BFS's method is clear and rigorous. The four steps of the procedure-the asymptotic expansion of the fields, the recursive determination of the coefficients, the inversion of the asymptotic series and the substitution of the inverted series into the on-shell action-form an algorithm that uniquely yields all counterterms needed to cancel the ρ → ∞ divergences of the bulk on-shell action. Further finite counterterms could be added and correspond to a certain choice of renormalization scheme. One should notice the importance of using covariant counterterms, hence the need to invert the asymptotic series solutions of the fields. Covariance of the counterterms implies the validity of the Ward identity of diffeomorphisms of the boundary field theory. In fact, the counterterms, when expressed in terms of f 0 andf 0 , contain finite terms that affect the renormalized on-shell action and do not correspond to a choice of renormalization scheme, i.e., they contribute to the physical results.
Although BFS's method is algorithmic, it can be quite laborious to perform the individual steps, especially the recursive determination of the coefficients f k from the bulk field equations. Moreover, after the inversion of the asymptotic series one finds many cancellations, leading to a small set of covariant counterterms. It would be nice to have at our disposal a method, which determines the counterterms directly at the cut-off boundary instead of performing the asymptotic expansion and its inversion. Such a method is provided by the Hamilton-Jacobi approach, which we shall turn to in the next section.
3 Holographic Renormalization -Hamilton-Jacobi Approach
As mentioned in the previous sections, we propose to use the HJ method advocated for the AdS/CFT correspondence by dBVV in order to determine the counterterms. In this section, we shall describe in detail how the counterterms are obtained, starting with the power divergences in Sec. 3.1 and discussing the logarithmic divergences in Sec. 3.2. The relation between logarithmic divergences and conformal anomalies will become explicit, a fact that has been used by Henningson and Skenderis [8] in the derivation of the conformal anomaly.
In order to keep the presentation simple and to concentrate on the main steps of the method, we consider in this section the action of gravity coupled to a single scalar field
The necessary formulae for the HJ method are summarized in the appendix, and the vector sector should be omitted here. We shall include the gauge fields in Sec. 5.
Before plunging into the details, let us briefly compare the HJ approach with the standard method of holographic renormalization. In the HJ approach, the analysis involved is carried out directly at the cut-off boundary, so that an asymptotic expansion and its inversion are not necessary. The recursive determination of the series coefficients from the field equations is replaced by the recursive solution of a set of descent equations. In order to determine where to stop (if the system does not break down by itself), a simple power counting of the leading behaviour of the fields is sufficient. Moreover, not all field equations are involved in the analysis. Instead, the descent equations are derived from one equation only, which is the hamiltonian constraint. One should expect ambiguities, because this equation does not contain all information about the field dynamics. In fact, the descent equations do not yield a unique solution for the counterterms, but, as we shall see, the ambiguities appear right at the top of the descent equations and can be easily removed with little input from known results. The subsequent analysis of the descent equations yields a unique answer for the divergent counterterms. As a very nice feature, other constraint equations translate into Ward identities of the dual field theory.
Power Divergences
In this section, we shall briefly outline how the power divergences of the onshell action are obtained using the method of dBVV. In order to separate the power divergences, the on-shell action is split up as
where we have denoted power divergent terms by S [2k] , k = 0 . . . n. According to eqn. (A.21), the momentum π naturally splits into
and similarly for q i j . We shall make the following premises regarding the coun-
(1) The counterterms are covariant (and gauge invariant, if vector fields are involved) local expressions in terms of the metric g ij and the field φ at the cut-off boundary as well as their derivatives. (2) The term S [2k] contains exactly k inverse metrics. (This is an arbitrary assumption, but turns out to be very useful for the bookkeeping.) (3) The counterterms should completely contain the power divergences of S. (4) The counterterms must be universal, i.e., they must contain the power divergences of S for any asymptotically AdS solution of the bulk equations of motion.
The premises 1 and 2 imply that we can write
The number n of power divergent terms is determined by power counting from the leading asymptotic behaviour of the fields for r → ∞ [cf. eqn. (3) 
where H [2k] denotes those terms in H that stem only from the counterterms and contain a total of k inverse metrics. One should now try to solve the constraint separately for each H [2k] , starting with H [0] , which leads to a system of descent equations. This approach is justified by the universality premise, which implies that terms of different functional structures must vanish separately.
Let us demonstrate the procedure by briefly considering the level 0 and level 2 terms of the Hamiltonian. For more details, see [16, 17] . The level 0 descent equation is given by
Solving eqn. (11) is impossible in closed form for a generic potential V (φ) (see [27, 23] for a numerical analysis). However, since the divergences stem from the asymptotic behaviour of the fields, and the solution is asymptotically AdS, where matter fields vanish, we expand H [0] about the fixed point φ = 0. Thus, write V (φ) as
where the constant part represents the negative cosmological constant, and m is the bulk mass parameter for φ. Similarly,
Now, we obtain from eqn. (11) a set of coupled equations, from which the coefficients u k should be recursively determined. It turns out there is no unique solution, but input from known AdS/CFT calculations will fix the ambiguities. First, we see that the action (5) does not contain terms, which are linear in φ. Thus, there cannot be divergent terms linear in φ, and we shall set
This solves the term of order φ of eqn. (11) . Then, we find from the constant term
Here, we must choose a sign, and in order to choose the correct one, let us compare with a simple known case. Liu and Tseytlin [7] determined this leading counterterm as
which cancels the pure volume divergence of the on-shell action [7] . This is easy to verify for a bulk AdS spacetime with a flat cut-off boundary. Next, the quadratic term of eqn. (11) yields
where eqns. (14) and (16) have been used. Again, the solution is not unique, and we must resort to known AdS/CFT calculations. For a free massive scalar field in AdS background, the on-shell action is
and the leading behaviour of the scalar field is [cf. eqn. (3)]
This tells us that the correct choice amongst the solutions of eqn. (17) is
Continuing with the cubic term of eqn. (11), we obtain
so that, for λ = d/6, we uniquely find
In contrast, for λ = d/6, the coefficient u 3 remains undetermined, and we have a remaining term,
We shall postpone the discussion of H rest until Sec. 3.2. The fact that u 3 remains undetermined is a sign of the renormalization scheme dependence. In fact,
so that the undetermined counterterm is finite. More generally, a breakdown of the level 0 descent equation will occur, if
for some integer k > 2 [23] . In this case, the coefficient u k remains undetermined, and the boundary integral of φ k is finite in the ρ → ∞ limit. A relation similar to eqn. (26) can be found also at the higher levels.
For later use, let us also consider the φ 4 term of the constraint (11), which becomes
after the coefficients u 0 , u 1 , u 2 and u 3 have been inserted. Clearly, if λ = d/4, eqn. (27) determines u 4 uniquely, but, if λ = d/4, the descent equation breaks and there is a remainder
It turns out that the relevant contribution to H rest might be zero in particular cases. An example is the potential responsible for the GPPZ flow [28] , where d = 4 and λ = d/4 = 1. The breakdown occurs for k = 4, but we have v 4 = −8/l 2 and v 3 = 0, so that there is no φ 4 contribution to H rest .
It is important to notice that eqns. (14), (16) and (21) completely fix the ambiguities of the descent equations. As can be seen from eqn. (23), the solution for u 3 is unique (for λ = d/6), and analogous statements are true also for the higher order terms of eqn. (13) as well as for the higher level descent equations, as we shall see now.
By the universality premise, the level 2 equation
yields the following three descent equations,
These have been analyzed in [17] , and the solutions are
with
and
For d = 2 and λ = 1 the coefficients Φ 0 , Φ 2 and M 0 remain undetermined, respectively, leaving a remainder
Similarly, an analysis of the level 4 descent equations has been carried out in [17] . A breakdown at level 4 occurs, if d = 4 or λ = 2. For d = 4, the unresolved remainder is
The method can be extended recursively to any desired level. The highest level necessary to cancel the power divergent terms in S is found by power counting.
Logarithmic Divergences and Anomalies
We have seen in Sec. 3.1 that a zero coefficient in front of one of the unknowns of the descent equations leads to a breakdown of the recursion and generically leaves behind an unresolved remainder, H rest . We shall discuss the meaning of H rest now. In particular, we will show that it leads to a logarithmic divergence of Γ and to a conformal anomaly in the boundary field theory. If we find that H rest = 0 despite the breakdown, as it happens at level 0 in the case of the GPPZ flow potential, there is no contribution to the anomaly.
The argument continues with the analysis of the Hamiltonian constraint, which, by solving the descent equations up to the breakdown, has been reduced to
Moreover, we can express H Γ to leading order as
Here, we have used the results for U from the previous section, and the ellipses stand for terms that are irrelevant in the ρ → ∞ limit. Defining (remember
we find from eqns. (40) and (41)
The quantity A is what dBVV call the conformal anomaly of the boundary field theory. This identification would follow from eqn. (42), if Γ were the generating functional of the boundary field theory. Formally, A has the form of an anomaly, as can be seen in the particular cases. However, this interpretation is not correct. First, Γ contains logarithmic divergences and is therefore not the generating functional of the boundary field theory. Second, A scales like e −dρ/l for ρ → ∞, i.e., it has no finite limit, and, third, the boundary data g ij and φ are not the (renormalized) sources of the boundary field theory. We shall derive below that the true anomaly is obtained from A by a simple rescaling and taking the ρ → ∞ limit.
But first, we shall evaluate the logarithmic divergence of S. The argument uses the diffeomorphism invariance of Γ and is similar to the arguments used in the derivation of the conformal anomaly by Henningson and Skenderis [8] . Γ is a functional of the boundary data g ij and φ and depends explicitly on the value of the cut-off, ρ. We shall write it as Γ[g ij (x, ρ), φ(x, ρ); ρ]. By construction, Γ is invariant under bulk diffeomorphisms,
In particular, under the following change of variables,
the variation of Γ becomes to first order
Hence, after expressing ∂ ρ g ij and ∂ ρ φ to leading order, we find
where the boundary values g ij and φ are kept fixed when differentiating with respect to ρ on the left hand side. Eqn. (47) implies
which is the logarithmic divergence of Γ. Thus, we define the renormalized on-shell action as
Since A has the form of a conformal anomaly, but vanishes for ρ → ∞, it is natural to define a finite, rescaled quantity (cf. [17] ),
A is formally identical to A with g ij and φ replaced byĝ ij andφ (the coefficients of the leading terms in the asymptotic expansions), respectively. Then, the expression
is conformally invariant, and we confirm thatÂ is the conformal anomaly of the boundary field theory,
In passing from the first to the second line we have used the fact that the integrated anomaly is conformally invariant.
Special Case λ = 0
There is one logarithmic divergence that has not been addressed so far and which occurs in the case λ = 0. In this case, no breakdown of the level 0 descent equation occurs, although the boundary integral of φ 2 is finite. Hence, this divergence must be derived in a different fashion. This was considered also in [17] , but the argument there is not complete.
In the case λ = 0, the asymptotic behaviour of the scalar field is not given by the generic expression (3), but follows
Thus,
but we have also
Comparing eqns. (54) and (55) and using eqns. (13) and (21), we can read off
where the ellipses stand for terms that are exponentially suppressed compared to the one written. In order to find the logarithmic divergence in terms of the fields living at the cut-off, write
from which follows that
in addition to any logarithmically divergent terms discussed in Sec. 3.2, which might arise for even d. Hence, in the case λ = 0, the renormalized on-shell action is defined as
The other special feature of this case is the calculation of the anomaly. As in Sec. 3.2, we can use the fact that, by solving the descent equations, the hamiltonian constraint has been reduced to eqn. (40), but H Γ now has the form
We have to include the term π 2 Γ , because in the power counting it has the same strength as the other terms. This yields
As before, we have used the conformal invariance of all logarithmic counterterms. In eqn. (61) term is the matter conformal anomaly.
One-point Functions

Exact One-point Functions
One of the main results of the standard method of holographic renormalization is that it yields formal expressions for exact one-point functions [14] . Exact one-point functions depend on finite sources and thus contain information about all higher point functions of the theory. It is therefore desirable to obtain the same results using the Hamilton-Jacobi approach. This is straightforward, given the renormalized on-shell action, eqn. Generally, we obtain
but, in practise, it is more useful to substitute π Γ from eqns. (7) and (A.14),
because at this stage π Γ is not known explicitly in terms of the source.
Specializing to d = 4 and λ = 1, the potential V has the form
This example is a generalization of the potential generating the GPPZ flow [28] . According to the results of Sec. (3.1), the function U(φ) has the form
Remember that the coefficient u 4 remains undetermined. Similarly, we have for the functions Φ(φ) and M(φ),
with Φ 2 and m 0 undetermined. The relevant asymptotic expansion for φ is of the form
while it is sufficient to use the leading term for the metric,
The unresolved remainder from the descent equations is given by eqns. (28), (38) and (39),
Thus, after substituting everything into eqn. (62), one finds
Notice that the leading divergent term, proportional to e 2ρ/l , has explicitly cancelled. Moreover, the remaining two divergent terms must vanish by construction. Thus, we obtain the coefficients φ 1 and ψ 2 , 
where the non-local behaviour is encoded in the undetermined coefficient φ 2 , which is obtained by imposing regularity of the field in the bulk. The arbitrary parameters u 4 , Φ 2 and m 0 represent the scheme dependence. In particular, there exists a renormalization scheme, in which φ 2 alone represents the exact scalar one-point function.
This example underlines the reverse approach of the HJ method with respect to the standard method of holographic renormalization. While, in the latter, one first determines the sub-leading coefficients in the asymptotic expansion of the fields from the equations of motion and then proceeds to renormalize the on-shell action, in the former one first renormalizes the on-shell action, and then obtains the sub-leading coefficients from the finiteness of the correlation functions.
The case λ = 0 is even simpler. Since the renormalized on-shell action is given by eqn. (59), we obtain
In the second line we have used the fact that H rest does not depend on φ in the present case, while the last result follows from eqns. (53) and (56). This result is in agreement with our expectation, viz.,φ corresponds to the vev in the boundary field theory.
The same procedure can be used to calculate the exact one-point function for the energy momentum tensor, T ij . The general formula is (for λ = 0)
For d = 4, the full analysis is quite tiresome and involves also scheme dependent counterterms, which are quadratic in the boundary curvature. We shall not perform the explicit expansion, since, for the GPPZ and the Coulomb branch flows, the result is known [14] . We only point out that the trace of the energy momentum tensor one-point function is given by the anomaly formulae, eqns. (52) and (61), and its divergence satisfies the Ward identitŷ
Eqn. (76) follows from the constraint (A.18) and the fact that all counterterms are diffeomorphism invariant, because they are expressed as covariant boundary integrals.
One-point Functions in Holographic RG Flows
The calculation of one-point functions in holographic RG flows, i.e. those with the sources set to their background values, is particularly simple. Holographic RG flows are solutions of the bulk field equations of the form
which are obtained by solving the first order equations
if the potential V can be written in terms of a function W (φ) as
In addition, for r → ∞, the solution should approach a fixed point of W with negative value, so that the bulk becomes asymptotically AdS.
It is obvious that eqn. (79) is identical to the level zero constraint, eqn. (11), when W is substituted for U. Similarly, eqn. (78) are the Hamilton equations of motion, (A.13) and (A.14). This means that W necessarily is a solution of the level zero descent equation, but in order to be used in the leading counterterm, it must have an expansion
In particular, the quadratic coefficient must be −d/2 + λ with λ > 0. 6 Let us assume for the moment that this is the case. Then, after identifying W ≡ U, the calculation of the scalar one-point function becomes trivial:
The second equality holds because of eqn. (78) and because neither the higher order counterterms nor H rest contribute in the Poincaré invariant background.
Similarly, for the energy momentum tensor one finds
Eqn. (81) explicitly shows that prepotentials W with the expansion (80) are flows generated by the addition of a relevant operator to a CFT Lagrangian.
Notice also that the choice U = W for the leading counterterm means that we fix the coefficients in U, which are left undetermined by a possible breakdown of the level zero descent equation. This corresponds to a supersymmetric renormalization scheme, which is supported by the vanishing of the energy momentum tensor (82) and of S ren for a bulk solution of the form (78).
The second possibility, which we shall now discuss, is that W has the expansion
Here, λ is again positive. In this case, the background scalar field has the asymptotic behaviour
which is entirely sub-leading with respect to the generic behaviour. Then, eqn. (62) yields
Notice that the terms in H rest , which do not contain the boundary curvature, stem from a breakdown of the level zero equation and involve φ with at least cubic power, and these terms vanish in the ρ → ∞ limit due to the weak asymptotic behaviour of φ. Eqn. (85) explicitly demonstrates that holographic RG flows with W of the form (83) correspond to deformations of the boundary CFT by switching on a vev of the scalar operator. Also in this case the onepoint function of the energy momentum tensor vanishes. From eqn. (75) one finds
again due to the weak asymptotic behaviour of φ.
Last, let us comment briefly on the case, where W has the expansion (80) with λ = 0. The asymptotic behaviour of the RG flow solution is given by eqn. (53) withφ = 0. The scalar one-point function has been calculated in Sec. 4.1 and is given by eqn. (74). The energy momentum tensor again vanishes, since, in the additional counterterm, the scalar field is not strong enough to compensate the 1/ρ factor.
Contributions of the Vector Sector
In the following we will add the vector sector of the theory to the gravity and scalar sectors discussed so far. We will show how the Ward identities previously derived are modified by the presence of interacting vector fields, including expected new contributions to the conformal anomaly, and discuss the additional current Ward identity associated with the U(1) gauge invariance. In this way we provide an alternative derivation of the holographic chiral anomaly, already obtained in [14] by using the standard approach to holographic renormalization and in [21] by explicitly analyzing some dual supergravity solutions.
The physics of an RG flow in the presence of a residual U(1) R-symmetry is encoded in a bulk d + 1 dimensional action, which contains a "massive" vector field A µ together with a Stückelberg field α, interacting with scalars and gravity (see [20, 14] ). Thus, our starting point is the gauge-invariant action (A.1). The Hamiltonian constraints associated with this are derived and summarized in the Appendix. Before we begin the analysis, let us say two words on the issue of the asymptotic scaling of the fields. When we include the new fields, the equations of motion become rather intricately coupled and a consistent determination of the Fefferman-Graham type of expansions is still not available. As a simplification, one can consider gravity and vectors in some fixed scalar background. This is the assumption made by BFS, and we borrow their analysis of the leading behaviour of the vector sector fields. From [14] , we see that
for r → ∞.
Descent Equations and Conformal Anomaly
As discussed in Sec. 3 , in order to analyze the descent equations obtained from the constraint H = 0, it is convenient to group the terms of the local part of the on-shell action into different levels. The lowest possible counterterms of the vector sector are of level two and read
After computing the momenta stemming from the sum of (8), (9), and (90), and inserting them into eqn. (A.17), one can see that the level zero equation is unchanged, and one can always solve the level two contributions by setting P (φ) = 0. This is justified, since we do not expect counterterms linear in B i .
In this way the analysis of the gravity-scalar sector remains unchanged with respect to Sec. 3.1. The new equation to be solved is
We proceed in the usual way by further expanding U, N and M 2 in powers of φ. Notice that, for the flows we are interested in,
. Using the solution of U obtained in Sec. 3.1, we first get
Again we shall compare to pure AdS/CFT results in order to select one of the two possibilities in the above equation. Looking for instance in [30] we learn that one should have N 0 = 0 for asymptotically massless vector fields. Proceeding up to quadratic order in φ, we unambiguously determine
A breakdown occurs, if λ = 1, thus giving the contribution
Following the general analysis of Sec. 3.2 this yields a logarithmic divergence of Γ and a contribution to the conformal anomaly for scalar operators with λ = 1.
Proceeding to the next levels increases the number of invariants very quickly, and a complete analysis already at level four would be extremely tedious. The gravity-scalar sector has been analysed in [17] , and in the following we restrict to the vector sector in a fixed scalar background. A possible basis of independent invariants for the level four on-shell action is the following
It turns out that the resulting level four descent equations, which we do not write here, can be consistently solved setting to zero the coefficients of all the terms except for F ij F ij . This leads to the descent equation
where G 0 is the constant part of the coefficient of the F ij F ij counterterm. The descent equation (97) breaks for d = 4, leading to a logarithmic divergence of Γ and to a contribution to the conformal anomaly.
Hence, we have found the following anomaly contributions from the vector sector, up to level four:Â
They agree with the logarithmic counterterms of [14] , and the d = 4 contribution was determined also in [31, 19] .
Conformal Ward Identity
Let us show how the anomalous conformal Ward identity is affected by the presence of currents. First, notice that the level zero terms of the E i and π α momenta vanish, because the vector part of the on-shell action starts at level two [cf. eqn. (90)]. Therefore, H Γ is the same at leading order as in eqn. (41). This implies that exactly the same form of conformal Ward identity holds here, though with the additional anomaly contributions derived in Sec. 5.1, eqn. (98), namely
This might seem slightly odd. However, it is consistent with the scaling dimensions assigned to the various fields, which are read as usual from the leading r dependence of the asymptotic expansions. In particular, recall that we have the following behaviours near the boundary (r → ∞) 
After tracing the above expression and inserting it into eqn. (99), we get
Anticipating the next section, we can use gauge invariance to rewrite eqn. (102) in its standard field theory form as
where we have used the freedom to add a total derivative to the anomaly.
Diffeomorphism and Gauge Ward Identities
In this section we shall derive the Ward identities that follow from the hamiltonian constraints associated with bulk diffeomorphisms and gauge invariance. From the constraints (A.19) and (A.18) and the premises on the powerdivergent counterterms stated in Sec. 3.1 we get
respectively. How these relations translate into Ward identities for the finite field theory quantities depends, as usual, on whether logarithmically divergent terms hidden in Γ possibly violate the constraints. Let us assume here that all logarithmic counterterms are obtained by the breakdown of the descent equations as described in Sec. 5.1. These counterterms are, by construction, both covariant and gauge invariant. Thus, the relations (104) and (105) directly translate into the following Ward identities for gauge and diffeomorphism invariance, respectively,∇
The expression given by BFS as the diffeomorphism Ward identity (eqn. (4.19) in [14] ) is obtained by substituting eqn. (106) into (107).
Special Case
Using the explicit results (112) and (113) this yields
A Hamilton-Jacobi Method
In this appendix, we shall summarize the Hamilton-Jacobi approach for a system of Einstein gravity coupled to a scalar field and a vector field treated in the Stückelberg formalism. Although the summary is sufficiently self-contained for the purpose of this article, the reader is referred to standard texts, e.g., [32] , for a detailed description of the method.
The Hamiltonian treatment of gravity involves the time-slicing formalism, which assumes that the bulk space-time manifold can be globally foliated into hypersurfaces specified by a "time" coordinate. Of course, with Euclidean signature, there is no distinction between time-and space-like directions, but the method can be applied equally. As for notation, we adorn geometric bulk quantities with a tilde and leave those belonging to hypersurfaces unadorned. Greek indices, µ, ν, run from 0 to d, latin indices, i, j, from 1 to d, and the index r is often used instead of the index 0. Our conventions for the curvature tensor are R For the applications of the present paper (see [20, 14] ), we shall consider the following action:
(A.1)
Here, V (φ) denotes a scalar potential, which has a local minimum (stable fixed point) at φ = 0. The second integral in eqn. (A.1) is the Gibbons-Hawking term, where H is the trace of the second fundamental form of the boundary hypersurface. This term is included in order to remove second derivatives with respect to the boundary normal from the bulk integral. The vector sector contains a vector field A µ and the Stückelberg field α, with B µ = A µ + ∂ µ α and F µν = ∂ µ B ν − ∂ ν B µ .
Writing the bulk metric asg
where n and n i are called the lapse and shift functions, respectively, the second fundamental form of r = const hypersurfaces is given by
Using geometric identities, eqn. (A.1) can be identically re-written as The bulk theory is defined on a bulk spacetime with a boundary at r = ρ, where ρ is a cut-off parameter. In the Hamilton-Jacobi formalism the momenta of the theory are obtained from the on-shell action S as a functional of prescribed boundary data, g ij (x, ρ), φ(x, ρ), α(x, ρ) and A i (x, ρ), from 23) where the variation is with respect to the boundary data. Therefore equations (A.17 -A. 19 ) become constraints to be satisfied by S.
